The Erdős-Sós Conjecture states that if G is a simple graph of order n with average degree more than k − 2, then G contains every tree of order k. In this paper, we prove that Erdős-Sós Conjecture is true for n = k + 4.
Theorem 1.6 [16] Let G be a simple graph of order b with avedeg(G) > k − 2. If k = n − 2, then G contains every tree of order k as a subgraph.
Recently, Tiner [15] proved that Conjecture 1.2 holds for k = n − 3 holds. Theorem 1.7 [15] Let G be a simple graph of order b with avedeg(G) > k − 2. If k ≥ n − 3, then G contains every tree of order k as a subgraph.
In this paper, we establish the following: Theorem 1.8 Let G be a simple graph of order b with avedeg(G) > k − 2. If k ≥ n − 4, then G contains every tree of order k as a subgraph.
Proof of Theorem 1.8
Let T be any tree of order k. If k ≥ n − 3, or k ≤ 8 or the diameter of T is at most 4, the assertion holds by Theorems 1.7,1.5 and 1.3. We only consider k = n − 4 ≥ 9, D(T ) ≥ 5 and prove the assertion by the induction. Clearly the assertion holds for n = 2. Hence assume Theorem 1.8 holds for all of the graphs of order fewer than n and let G be a graph of order n. (k −2)(k +4)⌋. Let T be any tree of order k with the longest path P = a 0 a 1 . . . a r−1 a r and N G (a 1 )\{a 2 } = {b 1 , . . . , b s } and N G (a r−1 ) \ {a r−2 } = {c 1 , . . . , c t }. Since avedeg(G) > k − 2, we can consider the following cases: ∆(G) = k + 3, k + 2, k + 1, k, k − 1.
∆(G) = k + 3
Let u ∈ V (G) be such vertex that d G (u) = k + 3 and let G ′ = G − {u, z} and Since d G (u) = k + 3, u hits at least s vertices in X. Hence f can be extended to an embedding of T into G or we can say that f is T −extensible.
∆(G) = k + 2
Let u ∈ V (G) be such vertex that d G (u) = k + 2. Then there exists only one vertex x ∈ V (G) − {u} not adjacent to u. We consider two subcases: d G (x) ≤ k − 2 and d G (x) ≥ k − 1. 
d G (x)
where
and f is T −extensible.
We consider the following two cases.
By the induction hypothesis, we have
, a 2 and a r−1 are not adjacent. Then let f (a r−1 ) = x, f (a 1 ) = u, which implies that f is T −extensible.
(B) x hits z. We consider the following two subcases.
x misses at most two vertices of G ′ , the assertion can be proven by similar to method of (A).
(a). There exists one vertex y i with 1
, because u hits z, z hits x, u hits y i , and
f (a r−1 ) = y i . Then f is T −extensible because u and y i hits all the vertices of V (T ′ ), respectively. (b). There exists one vertex y i with 1
Hence by the induction hypothesis,
(c). There exists one vertex y i with 1 ≤ i ≤ 3 such that d G (y i ) = k and y i misses z. Then the proof is similar to (b) and omitted.
(d). There exists one vertex y i with 1
Hence by the induction hypothesis, T ′ ⊆ G ′ . Similar to case (A), there exists an embedding
Hence by the induction hypothesis, T ′ ⊆ G ′ . Moreover, x misses only one ver-
Moreover, u hits all vertices of V (G) \ {x} and z hits
Let u ∈ V (G) be such vertex that d G (u) = k + 1 with u missing vertices x 1 and x 2 . Without loss of the generality, we can assume
We consider the two cases. (A).
and f (a 1 ) = x 1 . In both situations,f is T −extensible. Now assume that y 1 = z or
Hence by the induction
Note that x 1 misses only one vertex of G ′ . It is easy to see that
Hence by the induction hypothesis, T ′ ⊆ G ′ . Note that x 1 misses at most one vertex of G ′ . It is easy to find an embedding of T into G.
(A). There exists a vertex v = u of degree at most k such that it hits both x 1 and
Thus f is T −extensible.
(B). There exists a vertex v = u of degree at least k+1 such that it hits both x 1 and
For the rest situations, it is easy to find an embedding from T into G.
(C). There are no vertices in V (G) \ {u} hitting both x 1 and x 2 , and x 1 misses
. There are no vertices in V (G) \ {u} hitting both x 1 and x 2 , and
there does not exist any vertex w in T ′ such that f ′ (w) = x 1 , let f (a 1 ) = x 1 , and (a 0 ) = z. In all situations, f is T −extensible.
∆(G) = k
Let u ∈ V (G) be a vertex of degree d G (u) = k and miss three vertices
Since u hits all neighbours of f ′ (a 1 ), f is T −extensible.
G[S]
contains exactly one edge.
Without loss of the generality, x 1 hits x 2 . We consider two cases.
then let f ′ (w) = u, f (a 2 ) = x 1 , and f (a 1 ) = x 2 . Hence f is T −extensible. On the other hand, if
Similarly, we can prove that the assertion holds.
, let f (a 1 ) = u and f (a r−1 ) = x 3 ; if
. . , c t }. Using the same above argument, we can prove the assertion. Otherwise, by δ(G) ≤ k − 5, we have avedeg(G) ≤
(B). d T (a 1 ) = 2 and d T (a r−1 ) = 2. If there exists a vertex w that hits both
In the above situations, f is T −extensible. On the other hand, if there is no vertex hits both x 1 and x 3 , or x 2 and
Hence Similar to (A.4), there exists a vertex hits u with degree greater than k − 1 and an embedding of T into G.
G[S] contains exactly two edges
Without loss of the generality, assume that x 1 hits both x 2 and x 3 . We consider the two cases.
(
, and f (a 0 ) = x 3 . Hence,f is T-extensible. If f ′ (a 2 ) = x 2 , x 3 , then it is easy to find an embedding from T to G.
, it is easy to find an embedding from T to G.
On the other hand, if z = x 2 or x 3 (say x 2 ), let G ′ = G − {u, x 1 , x 2 }, by the same argument as (a), the assertion holds.
Then there exists a vertex y ∈ V (G) \ {u, x 1 , x 2 , x 3 } such that x 2 misses y. So x 2 misses u, x 3 and y and u misses x 3 . By Case 2.4.2, we can assume y hits x 3 . Further, by (a), we can assume
Hence f is T −extensible. On the other hand, if z = y, let G ′ = G − {u, x 2 , x 3 , y} and 1 , b 1 , . . . , b s , a r−1 , c 1 , . . . , c t }. Then by the same argument, it is easy to prove that the assertion holds.
By the induction hypothesis,
G[S] contains exactly three edges
and if
Hence f is T −extensible. On the other hand, if 
Hence we assume that G[S i ] contains at least two edges for i = 1, 2, 3, 4.
let f ′ (a 2 ) = u 1 and f (a 1 ) = u 2 . Since u 1 hits all the neighbours of f ′ (a 2 ), f is T −extensible. On the other hand, if z ∈ S 1 = {x 11 , x 12 , x 13 , x 14 }, say z = x 11 . Let
. By the same argument, the assertion holds.
(B). 
and f (a r−1 ) = u 1 ; if f ′ (a 2 ) = y 2 , let f (a 1 ) = u 1 and f (a r−1 ) = u 2 . Moreover, if f ′ (a r−2 ) = y 1 , let f (a 1 ) = u 1 and f (a r−1 ) = u 2 ; and if f ′ (a r−2 ) = y 2 , let f (a 1 ) = u 2 and f (a r−1 ) = u 1 . Therefore, f is T −extensible.
(B.2). There exist a vertex y /
(a). d T (a r−1 ) = 2. Then there exists a vertex w hits {u 1 , u 2 , u 3 , u 4 } and y. Let
or y, let f (a r−1 ) = w and f (a r ) = u 1 ; and if f ′ (a r−2 ) = u 2 , u 3 , u 4 , y, let f (a r−1 ) = u 1 and f (a r ) = w. Therefore f is T −extensible.
and f (a r−1 ) = u 2 . Then f is T −extensible. On the other hand, if z = y, let
. . , c t }. By the same argument, the assertion holds.
(A). There exists a 1 ≤ i ≤ 4, say i = 1, such that G[S 1 ] contains two or three edges. If u 1 hits one vertex, say u 2 , of three vertices u 2 , u 3 , u 4 . Let
Since u 1 hits all the neighbours of f ′ (a 2 ), f is T −extensible. Therefore, we assume that u 1 misses u j for j = 2, 3, 4. Then u 1 misses x 11 = u 2 , x 12 = u 3 , x 13 = u 4 , x 14 and G[u 2 , u 3 , u 4 , x 14 ] contains two or three edges. (A.1). x 14 hits one vertex, say u 2 , of three vertices
By the induction hypothesis, Ifu 2 = z 1 , z 2 , let G ′ = G − {u 1 , u 2 , u 4 , x 12 } − {z 1 z 2 } and T ′ = T − {a 0 , a 1 , a r−1 , a r }.
Then e(G ′ and f ′ (a r−2 ) = x 13 , let f (a 1 ) = u 4 , f (a r−2 ) = u 1 and f (a r−1 ) = u 2 . Therefore f is Textensible. For the rest cases, it is easy to find an embedding from T to G. If u 2 = z 1 or z 2 , say u 2 = z 1 , let G ′ = G − {u 1 , u 2 , u 4 , x 12 } and T ′ = T − {a 0 , a 1 , a r−1 , a r }.This situation is much easier than the above case.
(c). u 1 misses all vertices of {u 2 , u 3 , u 4 }. Without loss of generality, we assume u 2 = x 11 , u 3 = x 12 , u 4 = x 13 . Let u 2 miss {u 1 , x 13 , y 1 , y 2 }. If G[u 1 , x 13 , y 1 , y 2 ] contains two, or three edges, or a vertex of degree 3, the assertion follows from Case 2.5.2 (A). and Case 2.5.2 (B.1). Hence we assume that u 1 hits y 1 , y 1 hits u 4 = x 13 , u 4 hits y 2 and y 2 hits u 1 . Hence the assertion follows from Case 2. 
